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Abstract

In this article, we present the SPC procedure that
adaptively determines which wavelet coefficients to
monitor. This adaptation is based on the shift in-
formation, estimated from the process data, of the
wavelet coefficients. Simulation studies show that our
“adaptive thresholding” methods performed effectively
against many types of process changes.
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1. Introduction

In recent years, data collection capability in engineer-
ing processes has grown significantly. Thus, it becomes
more feasible to utilize functional (or spatial) data in
quality improvement activities. For example, Gard-
ner et al. (1997) studied the changes of “signature-
patterns” from spatial data collected from a semicon-
ductor material deposition process for detecting po-
tential process faults. Ganesan et al. (2002) uti-
lized acoustic emission signals to characterize nano-
machining process quality. Kang and Albin (2000)
calibrated a mass flow controller in a semiconductor
manufacturing process with a linear profile data. For a
review of functional data used in statistical process con-
trol (SPC) applications, see Woodall, Spitzner, Mont-
gomery and Gupta (2003).

Figure 1 gives an example of complicated functional
data in the Nortel’s antenna manufacturing system.
Because of the increasing popularity of wireless com-
munications, the demand for antenna equipment to
send and receive signals is growing rapidly. The tech-
nologically sophisticated antennae developed for this
market require a high degree of quality during their
production process. The sensor equipment receives an-
tenna signals at different degrees of azimuth and eleva-
tion. For the purposes of fault detection, the central az-
imuth curve for each antenna’s signals is used as shown
in Figure 1. Here, the y-axis is the elevation level and
the dimension of a signal is 256. Antenna quality is
evaluated by various regulations regarding the signal
pattern (Zhou, 1998). For example, there are certain
specification limits on the peaks and on the difference
between the peaks and valleys. The three main lobes
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Fig. 1. Antenna Functional Data

in the center are the most important because they en-
compass the situations found most frequently in normal
usage.

Research in this article focuses on “complicated”
functional data observed in many real-life applications
such as tonnage stamping in automobile- manufactur-
ing (Jin and Shi, 2001) and nano-machining in semi-
conductor manufacturing (Ganesan and Das, 2002).
See Nair, Taam and Ye (2002) and Lada, Lu and Wil-
son (2002) for other examples. Typically, these com-
plicated functional data have nonlinear patterns with
many local sharp-changes providing important process
information. Moreover, possible dependence between
successive data points, and potentially larger data-size
(n) making multivariate data analysis difficult. In the
SPC Phase-II research of linear profile data, model pa-
rameters such as the intercept, slope and error variance
are monitored (e.g., Kim et al. (2003)) for detecting a
shift in their sizes. In dealing with complicated func-
tional data, it is nature to extend their ideas by us-
ing a higher-order polynomial or nonlinear regression,
Fourier transform or spline functions to model the data,
and then monitor key model parameters representing
data trends. There are several challenges in this ap-
proach, especially in dealing with the data illustrated
in Figure 1. First, these models do not fit well to sharp
changes. Evidences are given in Jin and Shi (2001),
Ganesan and Das (2002), and others, where wavelet
transforms are advocated by these authors in data-
modeling. See Section 2 for a brief review of wavelet
transforms.

A more important challenge is that in any model
used to fit these complicated data, there are too many
parameters to monitor. It is well known (e.g., Fan,
1996) that the power of detecting process faults will
drop significantly when the size of parameter vector
becomes large. Principal component analysis (PCA)
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and related procedures are useful in modeling nonlinear
profile data. It can be used as a dimension-reduction
tool for handling the power-drop problem. For exam-
ple, Jones and Rice (1992) used principal component
analysis to identify and illustrate important modes of
variation among several curves. There are some dif-
ficulties in applying the PCA to solve SPC problems.
For example, functional PCA lacks of interpretation
ability, where the relationship between changes of the
selected principle components and functional data is
unclear. More importantly, its ability of modeling
sharp changes and detecting local shifts is doubtful.
Thus, wavelet transforms will be our main modeling
procedures in this article.

Wavelets can be a powerful tool for this kind of non-
stationary complicated data pattern. Some researchers
proposed the wavelet approach for the process moni-
toring of functional data. Jin and Shi (2001) proposed
the multivariate approach for fault detection based on
the extracted features in the wavelet domain. Lada et

al. (2002) proposed a bootstrapping procedure based
on wavelet coefficients for fault detection of functional
data. Jeong et al. (2003) presented the thresholded
scalogram approach to monitor process changes with
data collected in time sequences. The methods out-
lined above all first apply a feature selection tool in the
wavelet domain to reduce the dimensions of the func-
tional data. Then they construct an appropriate test
statistic based on the reduced size of the data. How-
ever, the dimensions of the reduced-size data can be
still high. Moreover, because the wavelet coefficients
targeted for monitoring are fixed, these approaches are
not sensitive to detect new types of fault that occur and
consequently they go undetected. In this article, we
present the SPC procedure that adaptively determines
which wavelet coefficients to monitor. This adapta-
tion is based on the shift information, estimated from
the process data, of the wavelet coefficients. Sections
4 and 5 show that our “adaptive thresholding” meth-
ods performed effectively against many types of process
changes.

The organization of this article is given as follows. In
section 2, we will give a brief overview of wavelets and
formulate the monitoring problem. Section 3 presents
the adaptive thresholding test. Section 4 presents sim-
ulation results that compare the average run length
(ARL) performance of the proposed methods with the
existing methods. A few concluding remarks and fu-
ture studies are offered in Section 5.

2. Wavelet Transforms and Problem Formu-

lations

Suppose that when a process is statistically controlled,
the functional data collected over time can be repre-

sented as follows:

Y (ti) = f0(ti) + ε(ti), i = 1, 2, . . . , n,

where f0(ti) is the known target-signal established in
Phase-I studies, and ε(ti)’s are independent and identi-
cally distributed (i.i.d.) normal random variables with
mean zero and variance σ2. Denoted by Y , f0 and ε

the collections of Y (ti)’s, f(ti)’s and ε(ti)’s at n equally
spaced time points, and In the n × n identity matrix.
Apply the DWT to the realizations y of Y and obtain
the following wavelet coefficients:

d = θ0 + η,

where θ0 = Wf0, and η = Wε is Nn(0, σ2In) dis-
tributed.

Formulating process-monitoring procedures for com-
plicated functional data start with understanding the
following testing hypothesis problem: for a new set of
data Y new from the Nn(fnew, σ2In) distribution, test

H0 : fnew = f0 versus H1 : fnew 6= f0.

In the DWT-based wavelet domain, the above hypothe-
ses become

H0 : θnew = θ0 versus H1 : θnew 6= θ0.

It is known that the uniformly most powerful invari-
ance (UMPI) for (1) is Hotelling T 2. For uncorrelated
noises with a known variance parameter, Hotelling T 2

is equivalent to the χ2-test given by the following equa-
tion:

χ2
0 =

n
∑

j=1

(dj,new − θj,0)
2

σ2
. (1)

Thus, the following upper control limit (Montgomery,
2001) based on the χ2

n distribution can be used to mon-
itor potential process changes:

UCL1 = χ2
α,n, (2)

where χ2
α,n is the upper α percentage point of the chi-

square distribution with n degree of freedom.
Fan (1996) addressed that when the dimension of the

data n is large, the power of the χ2-test could be unsat-
isfactorily low, which will lead to a very large average
run length (ARL1) when the process is out-of-control.
For example, at θnew = θ1 in H1, the χ2-test has the
following approximated power:

1 − Φ(
z1−α − ||θ1||2/

√
2nσ2

√

1 + 2||θ1||2/(nσ2)
)

≈ 1 − Φ(z1−α − ||θ1||2/
√

2nσ2).

This power tends to α even though ||θ1||2 goes to in-
finity (with ||θ1||2 = o(

√
n)).
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To overcome this difficulty, several authors proposed
various ideas of testing a subset of the coefficients.
For example, Kasashima et al. (1995), Mori et al.

(1996) and many others used their “engineering knowl-
edge” to decide which few wavelet coefficients to mon-
itor for detecting a few known faults in manufactur-
ing processes. Jin and Shi (2001) first applied the
“V isuShrink” data denoising procedure (Donoho and
Johnstone, 1994) to screen out smaller wavelet coeffi-
cients, which are viewed as unimportant coefficients for
monitoring. Then, they used the Hotelling T 2

0 with the
screened important coefficients to develop a monitoring
procedure:

T 2
0 =

∑

j∈S

(dj,new − θj,0)
2

σ2
, (3)

where S is the set of pre-selected wavelet coefficients
by V isuShrink. However, it is possible that the subset
of the coefficients monitored does not show any signif-
icant difference to the target in H0, but other coeffi-
cients not monitored have significant difference. This
means that we also need to monitor other coefficients to
make sure that they are unchanged. To overcome this
problem, we propose in Section 3 the procedure that
considers adaptively only the wavelet coefficients that
deviate significantly from the target values of wavelet
coefficients.

3. Adaptive Threshodling Hypothesis-

Testing Procedures

Let us start with modifying the UMPI test given in (1).
When a “hard-thresholding” (see Donoho and Jonstone
(1994) for its detailed definition) is applied to the dif-
ference |dj,new −θj,0| for only keeping larger size of dif-
ference (in the units of σ), the adaptive thresholding
test becomes

T 2
A =

n
∑

j=1

(dj,new − θj,0)
2

σ2
I(

|dj,new − θj,0|
σ

> δ). (4)

The upper control limit obtained from the approxi-
mated distribution of T 2

A is given by

UCL3 = µn,H0
+ σn,H0

Φ−1(1 − α) (5)

where

µn,H0
= n[2δφ(δ) + 2(1 − Φ(δ))],

σ2
n,H0

= 2φ(δ)n[δ3 + δ2(1 − 2φ(δ)) − 4δ(1 − Φ(δ))],

where φ is the probability density function of a
standard normal distribution. The thresholding pa-
rameter can be found by the following equation
(Fan, 1996): δ =

√

2 log(nân), where ân =

min(4(max1≤i≤n(di,new−θi,0)/σ)−4, log−2 n). Also, the

optimal threshold parameter can be obtained by maxi-
mizing the power function of the T 2

A. To find the power
function of the T 2

A, the following theorem is established.

Theorem Given the shift level ω = (ω1, . . . , ωn)
where ωj = |θj,1 − θj,0|, j = 1, . . . , n, and if we let

Xj =
(dj−θj,0)

2

σ2 I(
|dj,new−θj,0|

σ > δ) and µn,H1
=

E(
∑n

j=1 Xj |ωi; i = 1, . . . , n) ≥ 0 and assume that

σ2
n,H1

/n = V ar(
∑n

j=1 Xj |ωi; i = 1, . . . , n)/n → σ2 as

n → ∞. Then, the asymptotic distribution of T 2
A under

H1 is,

T 2
A − µn,H1√

n σ

d−→ N(0, 1) as n → ∞.

Proof of Theorem The Xj =
(dj−θj,0)

2

σ2 I(
|dj,new−θj,0|

σ > δ) can be reex-

pressed as Xj =
(dj−θj,0)

2

σ2 I(
|dj,new−θj,0|

σ > δ) =
(dj−θj,0)

2

σ2 I(
|dj,new−θj,0|

σ > δ). Then, Xj ’s are
independent random variables with the finite
mean E(Xj |H1) = µj and the finite variance
Var(Xj |H1) = σ2

j . Then, µn,H1
=

∑n
j=1 µj and

σ2
n,H1

=
∑n

j=1 σ2
j . To show the asymptotic normality

of (TH − µn,H1
)/(

√
nσ), it is sufficient to verify the

following Lindeberg condition, for each fixed ε > 0,

1

n

n
∑

j=1

∫

|t2I(|t|>δ)−µj |>ε
√

n

[t2I(|t| > υ) − µj ]
2φ

(

t − ω1,j

σ

)

dt

goes to zero as n → ∞. It follows that

∫

|t2I(|t|>δ)−µj |>ε
√

n

[t2I(|t| > δ) − µj ]
2φ

(

(t − ω1,j)

σ

)

dt

= O

(
∫

t2>ε
√

n

t4φ

(

t − ω1,j

σ

)

dt

)

= O

(
∫

t>ε1/2n1/4

t4φ

(

t − ω1,j

σ

)

dt

)

= O

(

ε2nφ

(

ε1/2n1/4 − ω1,j

σ

))

= O

(

ε2n exp

{

− ε
√

n

2σ2

})

.

Therefore, for every ε > 0, as n → ∞,

∫

|t2I(|t|>δ)−µj |>ε
√

n

[t2I(|t| > δ) − µj ]
2φ

(

t − ω1,j

σ

)

dt

= O

(

ε2n exp

{

−ε
√

n

2σ2

})

→ 0.

Based on this control limit of (5), a process fault can
be detected when the value of statistic T 2

A of a new
signal exceeds the control limit UCL3; otherwise, the
process is concluded under normal working conditions.
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Note that the wavelet coefficients to be used in T 2
A will

be changed according to the data set (data adaptive)
but they are pre-determined and fixed in T 2

0 . Ideally,
T 2

A should include only the wavelet coefficients that
are shifted from target values. When there are any
process changes, the wavelet coefficients (dj,new’s) will
deviate from the target values (θj,0’s) and the num-
ber of wavelet coefficients to be included in T 2

A will in-
crease and result in a larger value of T 2

A and a smaller
UCL3 so that H0 is rejected (out-of-control). If no pro-
cess change occurs, then few wavelet coefficients will be
used to calculate T 2

A and will result in a small value of
T 2

A and a larger UCL3 so that H0 is not rejected (in-
control).

4. Simulation Studies

This section presents simulation results that com-
pare the ARL1 performance for the three approaches:
UMPI χ2

0 chart, the T 2
0 chart, and T 2

A chart. We as-
sume the wavelet coefficients of the baseline signal, θ0,
are known for Phase II monitoring charts. For all the
control charts the parameter that determines the dis-
tance of the control limit from the center line is set so
that the in-control ARL, ARL0, is equal to 200. Thus
we seek the approach that yields the minimum ARL1

For all the simulations, the underlying response is a
nominal antenna signal in Figure 1. And Gaussian i.i.d.
random noises with mean zero and variance one are
added. A total of 1,000 replications were used in our
simulation study to estimate each ARL value. We set
the lowest decomposition level, L, to 3 and use the Haar
wavelet because it is easily interpreted (Jin and Shi,
2001). Three different types of shifts are considered in
our simulation study. These are a vertical shift, a shift
of central parts, and local changes.

4.1 Vertical shift

In this case, the process mean is shifted vertically. Ta-
ble I and Figure 2 give the ARL values for vertical
shifts in γ units of σ. Kang and Albin (2000) and Kim
et al. (2002) measured the sizes of the shifts in these
units. As we expected, UMPI χ2

0 chart does not work
well for high-dimensional functional data and it has
uniformly larger ARL1 values than other procedures.
The T 2

A chart performs better than the T 2
0 chart in de-

tecting small vertical shifts while the T 2
0 chart works

better for detecting large shifts.
Only the wavelet coefficients in the coarser level are

affected by the vertical shift. In the T 2
0 chart, be-

cause all the wavelet coefficients in the coarser level are
always kept for process monitoring (i.e., V isuShrink
keeps all the wavelet coefficients in the coarser level,
Donoho and Johnstone 1994), it shows a good perfor-
mance for moderate and large sizes of shifts in the case
of vertical shifts. However, for smaller shifts, the T 2

0

TABLE I

Comparison of ARLs Under Vertical Shifts (γσ)

γ
Chart 0.1 0.2 0.3 0.4 0.5 0.6

χ2
0 157.75 74.81 30.92 10.78 4.04 1.97

T 2
0 128.04 32.91 9.14 2.90 1.50 1.08

T 2
A 74.85 43.01 18.44 7.38 2.89 1.61
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Fig. 2. ARL Comparisons Under Vertical Shift

chart, compared to the T 2
A chart, shows low perfor-

mance because of the noises involved. Compared to
other procedures, our procedure effectively removes the
noise in the estimation of shift information.

4.2 Shift of Central Parts

For some signals, the central parts are important for
fault detection. For example, in the antenna data
shown in Figure 1, the three main lobes in the cen-
ter are the most important because they encompass
the situations found most frequently in normal usage.
In this case, the central parts from t1 = 125 to t2 = 145
in the baseline signal have been changed equally in γ
units of σ.

Table II and Figure 3 give the ARL values for the
shift of central parts in γ units of σ. The T 2

A chart
performs much better than the T 2

0 chart except when
larger shifts are considered.

TABLE II

Comparison of ARLs Under Central Shifts (γσ)

γ
Chart 0.2 0.4 0.6 0.8 1.0 1.2

χ2
0 179.74 125.72 73.14 37.79 18.45 9.11

T 2
0 170.56 103.26 49.74 20.75 10.11 4.55

T 2
A 83.73 61.64 40.51 21.61 11.86 5.70
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Fig. 3. ARL Comparisons Under Central Shift

TABLE III

Comparison of ARLs Under Local Shifts (γσ)

γ
Chart 0.6 0.8 1.0 1.2 1.4 1.6

χ2
0 80.82 45.06 27.37 11.11 6.16 3.90

T 2
0 89.91 62.24 41.08 19.89 11.12 6.74

T 2
A 50.89 28.3 16.58 8.62 4.76 3.26

4.3 Local Changes

In this case, several local changes are considered. In
our simulation study, the local area (5,7), (60,65), and
(115,118) are changed equally in γ units of σ. Table
III and Figure 4 give the ARL values for local point
changes in γ units of σ.

The T 2
A chart uniformly performs better than the

UMPI χ2
0 chart and the T 2

0 chart over the entire range
of the shifts considered. Because the T 2

0 chart fixes
the wavelet coefficients to be monitored, it is not sen-
sitive to local changes. The T 2

A chart is adaptive to
process shifts and considers only those wavelet coeffi-
cients that undergo large changes. The T 2

0 chart on
the other hand involves wavelet coefficients specifically
selected for monitoring.

5. Conclusions

Based on the simulation study, the T 2
A chart is gen-

erally more effective for detecting sustained shifts in
three kinds of process changes than the methods rep-
resented in the UMPI χ2

0 chart and the T 2
0 chart in

Phase II. In all cases, the proposed methods are consid-
erably more effective in detecting smaller shifts. Our
procedure worked surprisingly well given the lack of
any prior information on which wavelet coefficients to
monitor.

Our method needs to be extended to the general
covariance structure for cases of both known and un-
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Fig. 4. ARL Comparisons Under Local Shift

known covariance matrix. The EWMA and CUSUM
chart based on our proposed statistic can be developed
to detect smaller shift faster. Our methodology was de-
veloped to detect the shift of a process mean. We need
to develop the control chart to monitor the process
variability for functional data. The choice of wavelets
and decomposition levels can affect the ARL perfor-
mance, and we need further research to determine the
appropriate wavelet type and decomposition level.
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